In this paper, we study the stationary solutions of the Logistic equation
Introduction and main results
In this paper, we study the semilinear equation
where Ω is a bounded smooth domain in R N (N ≥ ), λ and p > are constant, the coe cient b ∈ C(Ω) is a nonnegative function. If D[u] = ∆u, we know that (1.1) is the classical reaction-di usion equation, which is related to some curvature problems in Riemannian geometry and di erent di usion problem in physic and population dynamics [1, 2] . It is interesting to point out that (1.1) is also widely used to model the di usion of population in degenerate environment, one can see the book [3] and the references therein. On the other hand, if
then (1.1) is the nonlocal dispersal equation with nonnegative and continuous kernel function J(x), see [4, 5] . Nonlocal dispersal equations related to (1.1) have been widely treated in the literature recently, see [6] [7] [8] [9] . 15 It is known that both the classical di usion equation and nonlocal dispersal equation are widely used to model di erent di usion phenomena from applications as well as pure mathematics, see for example [10] [11] [12] [13] . Meanwhile, by choosing special scaling kernels, nonlocal dispersal equation can approximate classical reaction-di usion equation [14, 15] . However, we know that two kinds of equations also have di erent dynamical behavior [7, 9, 15, 16] . In order to understand the e ect of heterogenous environment on the behavior of (1.1), we consider the case that the environment exists refuge. The study of di usion problems with refuge goes back to the classical works of Fraile et al. [17] . Throughout this paper, we assume that is a connected set contained in Ω with positive measure. Our main aim is to consider the asymptotic pro les of positive stationary solutions of (1.1). More precisely, we study the following positive solution problem
where ε > is a small parameter. In fact, the problem (1.2) is well understood for the dependence of positive solutions on parameters λ and ε. We rst consider the classical Dirichlet problem
Let λ L (Ω) be the unique principal eigenvalue of
Then we know from [18] [19] [20] that the following result holds. On the other hand, let J ∈ C(R N ) be a nonnegative, symmetric function with unit integral such that J( ) > . We consider the nonlocal dispersal equation
(1.4)
In (1.4), the dispersal takes place in R N , but we impose that u vanishes outsideΩ, which is called homogeneous nonlocal Dirichlet boundary condition [10] . Let λ N (Ω) be the unique principal eigenvalue of nonlocal problem J * ϕ − ϕ = −λϕ inΩ,
We have the following result, one can see [21, 22] . Theorem 1.2. Let vε(x) be the unique positive solution of (1.4) for λ > λ N (Ω) and ε > . Then we know that vε ∈ C(Ω) and lim
From the above theorems, we know that the asymptotic pro les of positive solutions of (1.3) are di erent from (1.4) . What is more, we can see that the critical value λ (λ L (Ω ) or λ N (Ω )) is very important in the study of 5 sharp pro les. Note that the pro les of (1.3) at the critical value are the same as the case λ > λ L (Ω ), but the sharp pro les are quite di erent. In this paper, we shall consider the sharp behavior of positive solutions of (1.2) at the critical value λ (λ L (Ω ) or λ N (Ω )). The asymptotic pro les for positive solutions of nonlocal dispersal equation (1.4) are also established. The aim of present paper is to nd the precise behavior of asymptotic pro les at the critical value and the di erence between di usion equations. 10 The rest of this paper is organized as follows. In Section 2, we investigate the sharp pro les of (1.4). Section 3 is devoted to the proofs of sharp pro les of (1.3).
Nonlocal dispersal equation
In this section, we consider the sharp pro les of positive solution of (1.4) with critical value λ N (Ω ). To do this, we rst study the eigenvalue equation
It follows from [12] that (2.1) admits a unique principal eigenvalue σ P (µ, Ω) for µ ≥ and σ P (µ, Ω) → λ N (Ω ) as µ → ∞. We rst study the behavior of principal eigenfunctions with respect to µ. Proof. Take x , x ∈Ω , we know from (2.1) that
Then, subject to a subsequence, we know that there existsφ ∈ C(Ω ) such that ≤φ(x) ≤ inΩ and lim
Again by (2.1) we can see that Since Ω is bounded, without loss of generality, we may assume that xµ → x as µ → ∞ for some x ∈Ω. We know from (2. Since µb(xµ) ≥ for µ > , we must haveφ(x ) = . In view of (2.4), we knoŵ ϕ(x) > inΩ from the maximum principle. Since ψ(x) is a positive eigenfunction of (2.4), we must havê
for some constant c > . However, we get from maxΩ ψ(x) = that c = , this also shows that (2.2) holds for the entire sequences. Now we give the asymptotic pro le of (1.4) at the critical value λ = λ N (Ω ). Proof. Let σ P (µ, Ω) be the unique principal eigenvalue of (2.1) for µ > . Since λ P (Ω ) > σ P (µ, Ω) for µ > , we can take ε small such that
Let ϕµ(x) be a positive eigenfunction associated with σ P (µ, Ω) such that max Ω ϕµ(x) = for µ > . Then we can check that µ p− ϕµ(x) is a lower-solution to (1.4) . Note that vε(x) is monotone with respect to ε, by the uniqueness of positive solutions, we get At last, note that the only bounded nonnegative solution of (1.6) with λ = λ N (Ω ) is the trivial solution, we can show (2.6) by a similar argument as in [21, 22] . From Theorem 2.2 we know that the sharp pro les of positive solution of (1.4) for λ = λ N (Ω ) is the same as the case λ > λ N (Ω ). In order to obtain the precise pro le of positive solutions with the critical value λ N (Ω ), we prove the following result. for any x , x ∈Ω , hereωε is between ωε(x ) and ωε(x ). But λ N (Ω ) < and ωε(x) ≤ inΩ, then we can nd ε > and δ > which is independent of ε such that
for any x , x ∈Ω and < ε < ε . Therefore, subject to a subsequence, we have Now assume that x ∈Ω \Ω . We have
which is a contradiction since the right side is bounded. Since x ∈Ω , we get
and
Then from (2.16) we have lim
Note that b(x) is nonnegative, we must have ω(x ) = . Now by the maximum principle, we have ω(x) > in Ω and ω(x) satis es (2.8). Since ϕ N (x) is the unique solution of (2.8), we know that
This also shows that (2.15) holds for the entire sequences. At last, we prove (2.9).
Since Note that ωε = vε(x)/Mε, we can see (2.9) holds.
The classical reaction-di usion equation 5 In this section, we investigate the asymptotic pro les of (1.3) with critical value λ L (Ω ). 
In view of (3.1), we can see that the right side of (3.2) is bounded inΩ for ε > is su ciently small. Then by standard elliptic estimates and Sobolev imbedding theorem, subject to a subsequence, we know that ωε(x) → ω (x) in C (Ω ) as ε → +. On the other hand, since ωε(x) is bounded, without loss of generality, we assume But Mε → ∞ as ε → +, we get v(x) = a.e. in Ω \ Ω . Then by a classical estimate method (see [3, 24] ), we can show that v(x) = on ∂Ω \ Ω , It is clear that the maximum of ωε(x) is achieved in the interior of Ω, without loss of generality, we assume that ωε(xε) = and xε → x as ε → + for some xε , x ∈Ω. Then by (3.2) we have In view of (2.9) in Theorem 2.3, we know that two kinds of di usion equations have di erent sharp pro les at the critical value.
